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Abstract 

We prove the invariance of plurigenera under smooth projective 
deformations in full generality. MSC32J25 

1 Introduction 

Let X be a smooth projective variety and let K x be the canonical bundle 
of X. The canonical ring 

R(X,K X ) :=(B m > H (X,Ox(mK x )) 

is a basic birational invariant of X. For every positive integer m, the m-th 
plurigenus P m (X) is defined by 

P m (X) :=dimH°(X,Ox(mK x )). 

Recently Y.-T. Siu ( flof! ) proved that for every m > 1, P m (X) is invariant 
under smooth projective deformations, if all the fibers are of general type. 
This result has been slightly generalized by g, [?J . 

In this paper, we shall prove the invariance of plurigenera under smooth 
projective deformations in full generality. 

Theorem 1.1 Let ir : X — ► A be a smooth projective family of smooth 
projective varieties over the unit open disk. 

Then for every positive integer m, the m-th plurigenus P m (Xt)(Xt := 
7r _1 (t)) is independent oft £ A. 

In the course of the proof of Theorem 1.1, we also prove the following theo- 
rem. 



Theorem 1.2 Let tt : X — > A 6e a smooth projective family. Suppose that 
Kx is pseudoeffective. Then Kx t is pseudoeffective for every t G A. 

For the proof of Theoem 1.1, the central problem is the existence of 
singular hemitian metric h on Kx such that the curvature @h is semipositive 
and h \x t is an AZD (cf. Definition 2.3) of Kx t for every t G A. As soon as 
we construct such a metric h, by the L 2 -extension theorem (||) implies the 
invariance of the plurigenera. Here the key point is that the L 2 -extension 
theorem requires the semipositivity of the curvature of the singular hermitian 
metric, but it does not require any strict positivity of the curvature. In this 
sense the L 2 -extension theorem is similar to Kollar's vanishing theorem (|||) 
in algebraic context. 

The construction of the metric h above consists of the inductive esti- 
mates of singular hermitian metrics using Bergman kernels. This is more 
straightforward than the inductive comparison of multiplier ideal sheaves as 
in JlO| , p. 670, Proposition 5]. In this sense the proof is quantitative and 
not qualitative. The essential idea of the proof is the dynamical construc- 
tion of an AZD of the canonical line bundle of a smooth projective variety 
with pseudoeffective canonical line bundle. This construction works only 
for pseudoeffective canonical line bundles. This clarifies why the canonical 
line bundle is special. Again the key ingredient of the proof here is the 
L 2 -extension theorem of holomorphic sections j|, ^, || . Here we use the fact 
that the operator norm of the interpolation operator is bounded from above 
by a universal constant in an essentialy way. 

Hence the proof here is analytic in nature. 

The author would like to express his hearty thanks to Professor T. Oh- 
sawa for his interest in this work and his encouragement. 

2 Preliminaries 

2.1 Multiplier ideal sheaves 

In this subsection L will denote a holomorphic line bundle on a complex 
manifold M. 

Definition 2.1 A singular hermitian metric h on L is given by 

h = e~ Lp ■ ho, 

where h$ is a C°° -hermitian metric on L and <p G Lj oc (M) is an arbitrary 
function on M. We call ip a weight function of h. 

The curvature current of the singular hermitian line bundle (L, h) is 
defined by 
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where dd is taken in the sense of a current. The L 2 -sheaf £ 2 (L,h) of the 
singular hermitian line bundle (L, h) is defined by 

C 2 (L,h) := {a G r([/,0 M (L)) I h(a,a) G ^ oc (C/)}, 

where C/ runs over the open subsets of M. In this case there exists an ideal 
sheaf 1(h) such that 

£ 2 (L,h) = O m (L) 01(h) 
holds. We call 1(h) the multiplier ideal sheaf of (L, h). If we write h as 

h = • h , 

where ho is a C°° hermitian metric on L and 99 € Lj 0C (M) is the weight 
function, we see that 

1(h) =£ 2 (0 M ,e-n 
holds. For ip G Lj oc (M) we define the multiplier ideal sheaf of </? by 

J(¥>) :=£ 2 (0M,e^). 

Similarly we define 

2oo(/0 :=£°°(OM,e-^) 
and call it the L°°-multiplier ideal sheaf of (L,h). 

Definition 2.2 L is said to be pseudoeffective, if there exists a singular 
hermitian metric h on L such that the curvature current Qh is a closed 
positive current. 

Also a singular hermitian line bundle (L, h) is said to be pseudoeffective, 
if the curvature current ®h is a closed positive current. 

2.2 Analytic Zariski decompositions 

In this subsection we shall introduce the notion of analytic Zariski decom- 
positions. By using analytic Zariski decompositions, we can handle big line 
bundles like nef and big line bundles. 

Definition 2.3 Let M be a compact complex manifold and let L be a holo- 
morphic line bundle on M. A singular hermitian metric h on L is said to 
be an analytic Zariski decomposition, if the followings hold. 

1. ®h is a closed positive current, 
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2. for every m > 0, the natural inclusion 

H°(M, M {mL)®l{h m )) -> H (M,O M (mL)) 
is an isomorphim. 

Remark 2.1 If an AZD exists on a line bundle L on a smooth projective 
variety M , L is pseudoeffective by the condition 1 above. 



Theorem 2.1 (711, lij) Let L be a big line bundle on a smooth projective 



variety M. Then L has an AZD. 

As for the existence for general pseudoeffective line bundles, now we have 
the following theorem. 

Theorem 2.2 (Hi, Theorem 1.5]) Let X be a smooth projective variety and 
let L be a pseudoeffective line bundle on X . Then L has an AZD. 

Proof of Theorem 2.2. Although the proof is in fij, we shall give a proof 
here, because we shall use it afterward. 

Let ho be a fixed C°°-hermitian metric on L. Let E be the set of singular 
hermitian metric on L defined by 

E = {h; h : lowersemicontinuous singular hermitian metric on L, 

h 

Bftis positive, — > 1}. 
Since L is pseudoeffective, E is nonempty. We set 

h L = h - inf A 

heE ho 

where the infimum is taken pointwise. The supremum of a family of plurisub- 
harmonic functions uniformly bounded from above is known to be again 
plurisubharmonic, if we modify the supremum on a set of measure 0(i.e., if 
we take the uppersemicontinuous envelope) by the following theorem of P. 
Lelong. 

Theorem 2.3 (UL p. 26, Theorem 5]) Let {tpt}t^T be a family of plurisub- 
harmonic functions on a domain Q which is uniformly bounded from above 
on every compact subset of 0. Then ip = sup teT ip t has a minimum up- 
persemicontinuous majorant tp* which is plurisubharmonic. We call ip* the 
uppersemicontinuous envelope ofijj. 
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Remark 2.2 In the above theorem the equality ip = ip* holds outside of a 
set of measure Ofcf.ffi, p. 29]). 

By Theorem 2. 3, we see that hi is also a singular hermitian metric 
on L with O/j > 0. Suppose that there exists a nontrivial section a £ 
T(X, Ox{mL)) for some m (otherwise the second condition in Definition 3.1 
is empty). We note that 

1 

gives the weight of a singular hermitian metric on L with curvature 27rm _1 (cr), 
where (a) is the current of integration along the zero set of a. By the con- 
struction we see that there exists a positive constant c such that 



| G | m 

holds. Hence 

aeH°(X, Ox(mL)0loo(hf)) 
holds. Hence in praticular 

a e H°(X, O x {mL)®l(hJ£)) 

holds. This means that hi is an AZD of L. Q.E.D. 

Remark 2.3 By the above proof we have that for the AZD hi, constructed 
as above 

H°(X,O x (mL) QXooih?)) ~ H°(X, O x {mL)) 
holds for every m. 

It is easy to see that the multiplier ideal sheaves of K£{m > 1) constructed in 
the proof of Theorem 2.2 are independent of the choice of the C°°-hermitian 
metric h^. We call the AZD constructed as in the proof of Theorem 2.2 a 
canonical AZD of L. 

2.3 L 2 -extension theorem 

Theorem 2.4 (jQ, p. 200, Theorem]) Let X be a Stein manifold of dimen- 
sion n, if) a plurisubharmonic function on X and s a holomorphic function 
on X such that ds ^ on every branch o/s _1 (0). We put Y := s _1 (0) and 
Yq : — {x S Y;ds(x) ^ 0}. Let g be a holomorphic (n — l)-form on Yq with 

c n -i / e'^g A g < do, 
JYo 
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fc(fc-l) , 

where Ck = ( — 1) 2 (v — 1) ■ Then there exists a holomorphic n-form G 
on X such that 

on Yq and 



G(x) = g(x) A ds(x) 



c n [ e" p {l+ | s \ 2 Y 2 G A G < 16207rc n _i / e~^g A g. 
JX JYo 

3 Dynamical construction of an AZD 

Let X be a smooth projective variety and let Kx be the canonical line 
bundle of X. Let n denote the dimension of X. 

Let A be a sufficiently ample line bundle on X such that for every pseu- 
doeffective singular hermitian line bundle (L, h£) 

O x {A + L)®l{h L ) 

and 

Ox(K x +A + L)® l(h L ) 

are globally generated. This is possible by p. 667, Proposition 1]. Let 
hA be a C°° hermitian metric on A with strictly positive curvature. 

Hereafter we shall assume that Kx is pseudo-effective. For m > 0, 

let /i m be the singular hermitian metrics on A+mKx constructed as follows. 
Let ho be a C°°-hermitian metric hjy on A with strictly positive curvature. 
Suppose that h m -\(m > 1) has been constructed. Let {cr^, . . . , <X/Jv^} be 
an orthonormal basis of H°(X, Ox(A + mKx) T{h m —\)) with respect to 
the inner product : 



•TO— 1 



(cr, a') := a ■ a' ■ h r , 
Jx 

a ■ o 7 • (/t m _i ® (dV)- 1 ) ■ dV, 



where dV is an arbitrary nowhere degenerate C°° volume form on X. We 
set 



ni 



K m :=^2\ n 

i=0 



(m) 1 2 



where | o"j- m ^ | 2 denotes cr| m '' • We call ivT m the Bergman kernel of 

A + mKx with respect to h m -\ ® (dV)" 1 and dV. Clearly it is independent 
of the choice of the orthonormal basis. And we define the singular hermitian 
metric h m on A + mKx by 

h — K~ l 

"to • — ll m • 
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It is clear that K m has semipositive curvature in the sense of currents. We 
note that for every x £ X 

K m (x) = sup{| a | 2 (x); a E T(X, O x (A + mK x )), [ h m -r \ <J ?= 1} 

Jx 

holds by definition (cf. |||, p. 46, Proposition 1.4.16]). 

Let dV be a C^-volume form on X. For a singular hemitian line bundle 
(F, h F ) on X, let A 2 (M, F, h F ,dV) denote the Hilbert space of L 2 holomor- 
phic sections of F with respect to hp and dV. We may also assume that for 
any pseudoeffective singular hemitian line bundle (L, h F ) and the any point 
x £ X, there exists an interpolation operator 

I x : A 2 (x,K x ®A®L,dV- 1 h A h L ,5 x ) — > A 2 (X,K x ®A®L,dV~ 1 h A h L ,dV) 

such that the operator norm of I x is bounded from above by a positive 
constant independent of x £ X and (L,h F ), where 5 X denotes the Dirac 
measure at x. This is certainly possible, if we take A to be sufficiently 
ample. 

In fact let x be a point on X and let U be a local coordinate neigh- 
bourhood of x which is biholomorphic to A n . Then by the successive use of 
Theorem 2.4, we find an interpolation operator 

1^ : A 2 (x,K x ®A®L,dV- 1 h A h L ,5 x ) — > A 2 (U,K x ®A®L,dV~ 1 h A h L ,dV) 

such that the operator norm of I x is bounded from above by a positive 
constant independent of (L,h F ). Now we note that the curvature of h A fiL 
is bounded from below by by the Kahler form Q A . Let p be a C°°-function 
on X such that Supp p CC U, < p < 1 and p = 1 on a neighbourhood 
of x. Let a x be an element of A 2 (x,K x ® A (g> L,dV^ 1 h A hL,5 x ). Then 
replacing (A, h A ) to be some sufficiently high positive multiplie, by the usual 
L 2 -estimate, we may assume that we can solve the <9-equation 

du = B(p ■ I x a x ) 

with 

u{x) = 

so that 

/ h A h L | u | 2 < C ■ {dV~ l h A h L ){o x , a x ) 
Jx 

holds for a positive constant C independent of (L,h£) and a x . Then 

p ■ l u x a x -u€ H°(X, O x (K x +A + L)® T(h£j) 

is an extension of a x . Since X is compact, moving x and U, this implies the 
assertion. 
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Lemma 3.1 Let h be a canonical AZD of Kx constructed as in the proof 
of Theorem 2.2. Then the inclusion : 

l(h m ) C l(h m ) 

holds for every m > 0. 

Proof. We prove this lemma by inducition on m. If m = 0, then both sides 
are Ox- 

Suppose that the inclusion 

l(h m - x ) C l{h m ^) 

has been settled for some m > 1. Then we have that by the property of A 
as above 

Ox{K x + (A + {m- \)K X )) 1^' 1 ) 
is a globally generated subsheaf of 

OxiA + mKx)®!^-!) 

Hence by the definition oH(h m ) we see that 

i(h m - 1 ) C X(/* m ) 

holds. In particular 

X(/i m ) C l(h m ) 

holds. By the induction on m, this completes the proof of Lemma 3.1. 
Q.E.D. 

By the choice of A and Lemma 3.1, h m is well defined for every m > 0. Now 
we shall make the above lemma quantitative. 

Lemma 3.2 There exists a positive constant C such that 

h m <C m -h A - h m 

holds for every m > 0. 

Proof. First if m = 0, both sides are h . Suppose that for some m > 1, 

h m -i < C( m _!) • /u • /i m ~ 1 

holds for some positive constant C( m _i). Let be a C°° volume form on 
X. Let C(l) be a positive constant such that 

h > c(i) • (^r 1 
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holds on X. Let us denote the Bergman kernel of A+mKx with respect to a 
singular hermitian metric H on A+mKx and the volume form dV by K(A+ 
mKx, H,dV). In this notation K m is expressed as K(A + mKx,h m -i 
(dV)-\dV). 

Then we have that 

K{A + mK x ,h m ^ <g> {dV)'\dV) > C^_ 1} ■ K{A + mK x ,h A ■ h m ~ l ■ {dV)~ l ,dV) 

> C^ 1 yC(2)-(h A -h m ~ 1 -(dV)- 1 )- 1 

> C^yC^-CW-ihA-h™)- 1 

hold for some positive constant C(2). The first inequality follow from the 
formula : 

K(A + mKx, h m -i ® (dV)- 1 , dV)(x) 

= sup{| a | 2 (x);<r € r(I,Ox(4+mK x )); / hm-i \ a | 2 = 1} (x G X) 

and the similar formula for K(A + mKx, h A • h" 1 " 1 ■ (dV)~ 1 ,dV). 

The 2-nd inequality follows from the L 2 -extension theorem (Theorem 
2.4) applied to the extension from a point to X as in Section 3. Hence we 
may assume that C(2) is independent of m. Now we can take C to be the 
constant C(l) -1 • C(2) _1 . This completes the proof of Lemma 3.2. Q.E.D. 



Lemma 3.3 There exists a positive constant C such that for every m > 1, 

h A -K m < C m {dV) m 

holds. 

Proof. Let p £ X be an arbitrary point. Let (U, z\, . . . , z n ) be a local 
cooordinate around x such that 

1. zi(p) = ■■■ = z n (p) = 0, 

2. U is biholomorphic to the open unit polydisk in C n with center O 6 C n 
by the coordinate, 

3. zi, . . . , z n are holomorphic on a neighbourhood of the closure of U, 

4. there exists a holomorphic frame e of A on the closure of U . 
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We set 

, n(n— 1) 

SI := (v— 1) 2 obi A • • • A dz n A dzi A • • • A dz n 
For every m > 0, we set 

/ia • -Km 



C m :=sup . 

We note that for any i£l 

K m (x) = sup{| ^ | 2 (x);cf) € T(X, O x {A + mK x )), f h m - X | | 2 = 1} 

holds. Let 0o be the element of T(X, Ox{A + mKx)) such that 

K m (x) =| 0o | 2 {x) 

and 

/ /i m _i | O | 2 = 1. 
Then there exists a holomorphic function / on U such that 

00 \u= f ■ (dzi A • • -dz n ) m ■ e 

holds. Then 

f h A | 0o I 2 n- (m - 1} = / |/| 2 Me,e)fi 

holds. On the other hand by the definition of C m -\ we see that 

/ Ha I 0o I 2 ^- {m - 1} < C m _i / h m ^ | 0o | 2 < C m _i 

hold. Combining above inequalities we have that 

/ |/| 2 Me,e)fl<C m -i 
Ju 

holds. Let < 5 << 1 be a sufficiently small number. Let Us be the inverse 
image of 

{{yi,...,y n ) e C n || Vi \<l-S} 

by the coordinate (zi, . . . , z n ). 

Then by the subharmonicity of | / | 2 , there exists a positive constant C$ 
independent of m such that 

I fix) | 2 < C 5 ■ C m _! 
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holds for every x £ Ug. Then we have that 

K m (x) < Cs-Cm-r | e | 2 ®Q m (x) 

holds for every x £ Us- Hence moving p, by the compactness of X we see 
that there exists a positive constant C such that 

h A ■ K m < C m ■ (dV) m 

holds on X. This completes the proof of Lemma 3.3. Q.E.D. 



By Lemma 3.2 and Lemma 3.3 

Kqo := the upper semicontinuous envelope of limsup *^/K m 

m^oo 

is a well defined volume form on X which does not vanish outside of a set 
of measure 0. We set 



Then by Lemma 3.2, we see that 

hoo < C • h 

holds. By the definition of h^, it is clear that the curvature Qhao is semi- 
positive in the sense of current. Hence by the construction of h (see the 
proof of Theorem 2.2), we see that there exists a positive constant C such 
that the opposite estimate : 

hoo > C ■ h 

holds. 

Hence we have the following theorem. 

Theorem 3.1 Let be the above singular hermitian metric on Kx- Then 
h^ is an AZD of Kx- 



4 Proof of Theorem 1.1 

Now we shall prove Theorem 1.1. Let it : X — ► A be a smooth projective 
family of projective varieties as in Theorem 1.1. We set X t := 7r _1 (t). If for 
every t G A, Kx t is not pseudoeffective, then P m (X t ) = holds for every 
t € A and every m > 1. Hence in this case there is nothing to prove. 
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Now we shall assume that for some to £ A, say to = 0, K Xo is pseudoef- 
fective. Shrinking A, if necessary, we may assume that there exists an ample 
line bundle A on X such that for any pseudoeffective singular hermitian line 
bundle (L, hi) 

O x (A + L)®l{h L ) 

and 

O x (K x + A + L)®l(h L ) 

are globaly generated and for every t £ A and for any pseudoeffective sin- 
gular hermitian line bundle (L 4 ,/i^ t ) on X t , 

OxM\x t +L t )®T{h Lt ) 

and 

Xt (K Xt +A\ Xt +L t )®l(h Lt ) 

are globaly generated. Let Ha be a C°°-hermitian metric on A such that 
&h A ^ s a Kahler form on X. We set 

ho ■= hA 

and 

ho,t-=h A \x t (teA). 

As in Section 3, inductively we shall define the sequences of singular hemitian 
metrics {h m } on X and {h m j} on X t (t £ A). In this case X is noncompact, 
but the construction works as in Section 3. However we should note that 
we do not know the psuedoeffectivity of K x or K Xt (t G A*) apriori. Hence 
at this stage h m and h m t(t £ A*) are not well defined for m > 2. 

But by the L 2 -extension theorem (Theorem 2.4 or ||) (as in the proof 
of Lemma 4.1), we have the following lemma. 

Lemma 4.1 Let t be a point on A. Suppose that h m -\,hm-x,t have been 
defined and 

I(h m -i,t) Q 1{h m -i \x t ) 
holds on Xf. Then every element of 

H (X t ,O Xt (K Xt +A\ Xt +{m-l)K Xt )®l{h m - X ,t)) 

extends to an element of 

H°(X, O x (K x +A+(m- \)K X ) ® X(h m ^)). 
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Proof. We note that since Theorem 2.4 is stated for Stein manifold. Hence 
we cannot apply Theorem 2.4 directly. Let U be a Zariski open Stein subset 
of X such that X t n U is nonempty and K x \u is holomorphically trivial. 
Then for every element at of 

H (X t ,O Xt (K Xt + A \ Xt +(m - l)K Xt ) ®l{h m ^ t )), 

o~t \unx t extends to an element a of 

H°(U, O x (K x + A + {m- 1)K X ) ® l(h m -i)). 

with the L 2 -condition 

/ hm-i | a | 2 < oo. 
J u 

But this L 2 -condition implies that a extends to a section of 
H°(X, O x (K x +A+(m- \)K X ) ® J^-i)). 

Q.E.D. 



Since K Xo is pseudoeffective, using Lemma 4.1, we have that ft m is well 
defined for every m > and the inclusion X{h m fi) C X(/i m |x ) holds for 
every m > inductively. Hence for every m > 1 we have a proper Zariski 
closed subset S m in A such that for every t G A — S^, /i mi t is well defined. 
In particular ETx t is pseudoeffective for every t £ A — U m >iS' m . This implies 
that K Xt is pseudoeffective for every t G A. Then using Lemma 4.1 and 
Lemma 3.1, by induction on m, we have the following lemma. 

Lemma 4.2 /i m , h m> t(t £ A) are uieZ/ defined for every m > and t 6 A. 
And 

ZioWs /or ewery m > and t £ A. 
We define 

/loo : = the lowersemicontinuous envelope of liminf V^m 

and 

hoot '■= the lowersemicontinuous envelope of liminf \ h mt . 

' m— >oo V ' 

Although X is noncompact, the argument in Section 3 is still valid. In fact 
since X admits a continuous plurisubharmonic exhaustion function, Lemma 
3.2 holds in this case, if we restrict the family to a relatively compact subset 
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of A. Also Lemma 3.3 is valid on every relatively compact subset of X, 
since the proof is local. Hence hoc, /ioo,t are well denned AZD's on Kx and 
Kx t respectively. 

Again by the L 2 -extension theorem (Theorem 2.4), as Lemma 3.2, we 
have the following lemma. 

Lemma 4.3 For every t, there exists a positive constant C such that 

h m \x t < C m • hmj 
holds for every m > 0. In particular 

hoc \x t < C ■ hoo : t 

holds. 

Here we have used the fact that for every 

a t G A 2 (X t ,K Xt ®Kf m " l \h m ^ \ Xt ), 
there exists an element of 

ae A 2 (X u Kf n ,h m -i) 

such that a \x t = o~t and 

II o- ||< C t || a ||, 

where Ct is a positive constant depending only on t (if t = 0, we may take 
Co to be 2\/16207r by Theorem 2.4). Here we note that the L 2 -spaces above 
are determined without specifying volume forms. 

Now by Lemma 4.3 and Theorem 3.1, we see that hoo \x t is an AZD of 
Kx t - Then by the L 2 -extension theorem (Theorem 2.4, see also the proof 
of Lemma 4.1), we see that for every m > 1, every element of 

H\X u O Xt {^K Xt )®l{hZ- 1 \x t )) ^ H (X t ,O Xt (mKx t )) 
extends to an element of 

H°(X,Ox(K x + {m-l)K x )®l{Kc- 1 ))- 

Hence we see that P m (X t ) is lowersemicontinuous. By the upper semiconti- 
nuity theorem for cohomologies, we see that P m {X t ) is independent of t G A. 
This completes the proof of Theorem 1.1. 

Theorem 1.2 has already been proved in the course of the above proof. 
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